We present a simple, implicit-solvent model for fluid bilayer membranes. The model was designed to reproduce the elastic properties of real bilayer membranes. For this model, we observed the solid-fluid transition and studied the in-plane diffusivity of the fluid phase. As a test, we compute the elastic-bending and area-compressing moduli of fluid bilayer membranes. We find that the computed elastic properties are consistent with the available experimental data.
I. INTRODUCTION
Nature uses lipid bilayer membranes to encapsulate and protect both cells and subcellular organelles. 1 The mechanical properties of these membranes are closely related to their biological functions ͑see, e.g., Ref. 2͒. For this reason, there is much interest in developing reliable computational models for bilayer membranes. In some cases, it is possible to use fully atomistic models. Unfortunately, with current computers the applicability of fully atomistic models is mostly limited to studies of a few hundred lipids for a period of a few nanoseconds. 3, 4 In order to bridge the gap between simulations and experiments that probe the structure and dynamics of membranes on longer length and time scales, we are forced to use simplified models, i.e., models that account only for those degrees of freedom that are believed to be most essential for the observed phenomena. The simplest models in this category are not particle based: they include tethered solid membranes, 5, 6 tethered fluid membranes, 7, 8 and continuous elastic sheets. [9] [10] [11] Nonatomistic but particlebased models constitute the next step in coarse-grained ͑CG͒ modeling of membranes. In these CG models, groups of atoms within the lipid molecules are replaced by coarsegrained particles. The lipid molecules are then represented as short chains of coarse-grained particles. During the past few years, a large number of such CG models have been developed to study monolayer membranes, bilayer membranes, and vesicles. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] There are great variations in the CG lipidchain structure, the shape of the coarse-grained monomers, the internal degrees of freedom of the lipids, and the effective interactions between two particles, depending on the membrane properties that one aims to reproduce.
Closest to the fully atomistic models are off-lattice CG models with explicit solvent. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] While these CG models are better suited for the simulation of large membranes than fully atomistic models, they are still not exactly cheap and this limits their applicability to the study of slow or large-scale phenomena. One way to reduce the computational cost of CG membrane simulations is the use of lattice models. 22, 23 Though computationally cheap, these models tend to produce spurious lattice effects, especially for simulations of the fluid membrane, because they fail to provide a reasonable description of, for instance, small-scale diffusion and molecular tilt. 22 In what follows, we therefore restrict the discussion to off-lattice models.
In particle-based membrane simulations, a large fraction of the computational cost is related to the simulation of the ͑many͒ solvent particles. For this reason, it is attractive to consider models that do not take the solvent into account explicitly-although the effect of the solvent on the membrane structure should of course be incorporated in the model. Solvent-free models have been used to analyze the equilibrium behavior of cell membranes for nearly 30 years. [29] [30] [31] [32] [33] However, in molecular simulations, such models have a much shorter history. Drouffe et al. 24 performed a solvent-free molecular simulation of a membrane where the solvent-lipid interaction was represented via a densitydependent multibody interaction between lipid molecules. This was an important advance, as the length scale studied in the simulations of Ref. 24 is difficult to reach in simulations with explicit solvent, even with modern computers. A more sophisticated version of this model was subsequently proposed by Noguchi and Takasu. 25 Recently, Farago 26 proposed an implicit-solvent model where the lipid molecules are represented by rigid trimers. This model assumed only pairwise additive interactions. Brannigan and Brown 27 proposed yet another pair-potentialbased solvent-free model, in which the lipid molecule is modeled as a rigid rod that is capable of changing shape. Though these models are computationally very efficient, they have not been particularly successful in reproducing the elastic properties of real lipid membranes. The bending moduli of simulated bilayers are either smaller 24, 25 or much larger 26, 28 than the experimental range. 34 In addition, as these models represent lipids as rigid chains, they are not sufficient for studying some mechanisms which are very sensitive to the flexibility of the lipid tails, e.g., the free-energy barrier of defect formation in membranes, although they can reproduce some self-assembled or phase-transition phenomena.
To remedy these defects, while retaining the computational simplicity of implicit-solvent models, we propose a water-implicit membrane model consisting of flexible, coarse-grained lipids. The remainder of this paper is organized as follows. In Sec. II we describe the simulation model. In Sec. III we present numerical simulations of the phase behavior, fluidity, and membrane elasticity. We compare our results with those of other simulations and with experiment. Section IV contains concluding remarks and we comment on further developments.
II. SIMULATION METHOD

A. Potential model
Each amphiphile molecule is described as a flexible chain with three coarse-grained beads ͑see Fig. 1͒ . One particle is hydrophilic, the other two are hydrophobic.
The bonds between the beads are represented by a finite extensible nonlinear elastic ͑FENE͒ potential
The angle-bending potential between two bonds is
where is the angle between subsequent bonds. Beads on different molecules interact via a truncated Lennard-Jones potential: where t and h represent the tail and head beads, respectively. The cutoffs for potential U tt , U hh , and U th are 2 tt , hh , and th , respectively, which make attractive interactions exist only between tail beads. U c0 and U c1 ͑respectively, 0.031 and 1͒ are the amounts by which the potential is shifted at the cut-off distance.
Water molecules are not taken into account explicitly. We mimic the interaction between the water molecules and amphiphiles with a multibody potential that depends on the local density of the hydrophobic beads
where = / * . To obtain a potential with a continuous derivative, k and U 0 are given the values of −415.21 and 21.332, respectively.
This multibody "hydrophobic" potential expresses the increase in free energy due to the contact of water molecules with the hydrocarbon beads of the amphiphiles. As shown in Fig. 2 , the critical local density * represents the crossover point below which there is interaction between water molecules and the hydrophobic beads.
In principle, the total potential energy should be rotationally invariant. However, as we consider bilayers in a fixed geometry ͑z axis perpendicular to the bilayer͒, we use a definition of the local density that is optimized for this geometry.
where i and iЈ represent molecules, j and jЈ represent hydrophobic tail beads, r e = xi + yj + ␣ e zk, and Note that with this definition of the local density, the many-body potential is related to the choice of the coordinate frame. In general, this would be problematic. However, as long as we consider planar membranes that are periodically continued in the xy plane, say, the symmetry of the system has already been broken.
All the parameters of the potential functions are given in Table I . 
B. Statistical ensemble
We performed Monte Carlo simulations in both the NVTA p and NVT⌺ ensembles. N is the number of molecules, V is the volume of the simulated system, T is the temperature, A p is the projected area of the bilayer on the x-y plane, and ⌺ is the lateral pressure of the bilayer. For the NVT⌺ simulations every Monte Carlo sweep includes the following trial moves: ͑1͒ 3N displacements of a single bead, ͑2͒ N displacements of a single molecule, and ͑3͒ a variation of the area of the simulation box at constant total volume. For the area trial move, the coordinates of the head beads are changed, but all intramolecular distances and angles are kept constant. The trial moves are accepted or rejected according to the standard Metropolis criterion with the effective Hamiltonian
where ␤ = k B T, and k B is Boltzmann's constant. Figure 3 shows the time evolutions of the area and the energy of the membrane during a NVT⌺ simulation. The figure shows the approach to equilibrium of both the ͑projected͒ area and the internal energy of the system.
C. Simulation details
Periodic boundary conditions were used in the simulations. The z-axis length of the simulation box, which is the direction perpendicular to the membrane, is large enough to exclude interactions between the membrane and its periodic images. The system size varied from 200 amphiphilic molecules for simulations of the phase behavior, to 1152 in studies of the area-compressing elasticity and 2040 in simulations of the bending elasticity. In every simulation, the system was equilibrated during 3 ϫ 10 5 Monte Carlo ͑MC͒ sweeps.
In the NVTA p simulations, we either prepared the system as a random ͓three-dimensional ͑3D͒ liquid͔ state or as a flat, ordered bilayer membrane. When, at k B T / ⑀ = 2.0, the initial state is a 3D liquid state, we find that the amphiphilic molecules spontaneously form several bilayer membranessometimes with pore defects. When, at the same temperature, the initial state is flat, the equilibrated state is a fluctuating liquid bilayer membrane. In the remainder of this paper, we will always consider bilayer membranes that were formed by equilibrating an ordered, flat membrane.
In what follows, we choose our energy and length scales such that the model parameters correspond to those of typical bilayer membranes at room temperature. To this end, ⑀ / k B roughly has a value in the vicinity of 150 K, while ϳ 5-8 Å.
14 With this choice, k B T / ⑀ = 2.0 corresponds to room temperature, and the length of our model molecules is in the range of 6-24 methyl groups. This covers the relevant range of chain lengths for fatty acids.
14 As we will see later this model also leads to a reasonable value of area per lipid.
III. RESULTS AND DISCUSSION
A. Phase behavior
Solid-liquid transition
As a first step, we observed the solid-liquid transition of a tensionless membrane ͑⌺ =0͒. Figure 4 shows the melting of the solid phase upon increasing the temperature. We use a two-dimensional hexagonal bond-order parameter to quantify the lateral order-disorder transition of a bilayer membrane:
where ␣ ij is the angle between r xy ͑i , j͒ and a fixed reference axis in the x-y plane, r xy ͑i , j͒ is the in-plane vector between head beads i and j, and the average is over all nearestneighbor pairs i and j. Upon increasing the temperature, the membrane appears to go through a continuous order-disorder transition ͑see Figs. 4 and 5͒. The profile of the bond-order parameter indicates that the melting temperature of our model membrane is k B T / ⑀ Ͻ 0.5, which in our units corresponds to 75 K.
Plane fluidity
The lipid bilayer at room temperature ͑k B T / ⑀ = 2.0͒ appears to be in a fluid phase characterized by rapid lateral diffusion of the model lipids. Typical experimental values for the in-plane diffusion coefficient in a fluid membrane are of the order of 1 m 2 /s. 2 The two-dimensional in-plane diffusion is defined as
where
where x m and y m denote the coordinates of the center of mass of the system. Figure 6 shows the results of the numerical simulations at different temperatures. The diffusion coefficients, i.e., the slopes of the best linear fits to the computed data in Fig. 6 , are given in Table II In what follows, we will not consider dynamical phenomena. Figure 7 shows the two-dimensional radial distribution function g͑r xy ͒. Inspection of this radial distribution function confirms that, for T * Ͼ 0.8, the bilayer is in the fluid phase.
B. Elastic properties
Landau free energy
On length scales larger than its thickness, membranes can be viewed as a continuous elastic sheet. To lowest order in the deformations, the coarse-grained ͑Landau͒ free energy of such a flexible membrane is of the following form:
where ␥ is the surface tension, A is the surface area of the membrane, c is the bending modulus, and G is the saddlesplay modulus. The quantities c 0 , H, and G are, respectively, the spontaneous, the mean, and the Gaussian curvatures. When a tensionless membrane with area A 0 is deformed ͑stretched or compressed͒, its surface tension changes. To lowest order in the deformation:
where A is the compressibility modulus, defined as
The change in free energy of the membrane is then given by
The total free energy of the deformed membrane is
Using the Monge parametrization, we can write r = ͓x,y,h͑x,y͔͒, ͑17͒
and we have
For a membrane with a small curvature, h x Ӷ 1, h y Ӷ 1, the mean and Gaussian curvatures and the area can be approximately written as 
where A p is the projected area of the membrane in the x-y plane.
In this paper, only one kind of lipid molecules is used and hence the membrane is symmetric, from which it follows that c 0 is zero. As we do not change the topology of the membrane, the saddle-splay free energy, ͐dA G K, yields a constant contribution that is included in the reference free energy, F 0 . From Eqs. ͑21͒-͑24͒, we can express the change in free energy due to the changes in area and curvature as
Omitting all terms O͑h 3 ͒, we have
We can define a surface tension associated with the change in the projected surface area,
then the free energy of the membrane can be written as
Bending modulus
We compute the bending elasticity of our model membranes in both NVTA p and NVT⌺ MC ensembles. We considered square membranes consisting of 2040 molecules. Figure 8 shows a snapshot of the membrane. 
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Modeling flexible amphiphilic bilayers J. Chem. Phys. 122, 234711 ͑2005͒ Equation ͑28͒ is expected to be valid only on length scales where continuum theory applies. On length scales smaller than the thickness of the membranes, protrusion modes will dominate the undulatory motion of membranes and Eq. ͑28͒ breaks down. In order to use Eq. ͑28͒ to get bending elasticity, when we map the membrane on a discrete grid, we choose N G , the number of grid points in each direction, such that mesh size l = L / N G is larger than the membrane's thickness h, where L is the side length of the membranes. The local height of the membrane is defined as the mean value of the heights of the two monolayers inside a grid cell. The height of the individual monolayers is defined as the cell-averaged height of the centers of mass of the hydrophilic head groups. The discrete form of Eq. ͑28͒ is
where n = n x i + n y j ͑n x , n y =−n l , ... ,−1,0,1, ... ,n r , n l = ͓N G /2͔, and n r = ͓͑N G −1͒ /2͔͒, and r = ln. Using a discrete Fourier transform, we have
and
where q is the two-dimensional wave vector, i.e., q =2n / L. In Fourier space, the Landau free energy is
In the NA p T ensemble,
In the N⌺T ensemble,
͑35͒
When ⌺ = 0, we can assume ␥ p → 0, and we have
. ͑36͒ Figure 9 shows the thermal-fluctuation spectrums of the membranes for two simulations in the NA p T ensemble. Equation ͑34͒ is valid only for thermal fluctuations in the small wave-vector range. Fitting these data to Eq. ͑34͒, we obtained the bending modulus of the membranes, as shown in Table III . The average head-group separation between the two membrane layers, h cc , is also shown in Table III . Figure  10 shows the thermal-fluctuation spectrum of the membranes in the N⌺T͑⌺ =0͒ ensemble. Fitting the data in Fig. 10 to Eq. ͑square͒. The drawn curves are best fits of Eq. ͑34͒ to the computed thermal fluctuations in the small wave-vector range.
FIG. 10. Fluctuation spectrum of the membrane height at vanishing surface tension. The drawn curve is the best fit of Eq. ͑36͒ to the computed thermal fluctuations in the small wave-vector range. At large wave vectors, the fluctuation spectrum is dominated by the "white" noise due to uncorrelated protrusions.
͑36͒, we obtained c = 12.8± 1.0k B T, which is consistent with the data from NA p T simulations. The bending moduli of typical biological membranes have values in the range of 10-28k B T. 34 Our numerical estimates for c fall within this range. We note that the membranes generated by the present model appear to be more flexible than those obtained in the solvent-free simulations of Refs. 26 and 27.
Compressibility/stretching elasticity
In experiments, the compressibility/stretching moduli of membranes, A , are obtained from the measured relation between the apparent area, A p , of vesicles and the applied tension. 34 In simulations, Feller and Pastor 35 derived estimates for A not only from relation between tension and surface area, but also from the area fluctuations of the membranes:
where A p is the projected area, and
Feller and Pastor observed that the fluctuation expression yielded rather noisy data for A . Moreover, the value for A thus estimated was more than four times larger than the one obtained in "mechanical" measurements. In the present paper, we calculated area compressibility/stretching elasticity of membranes through both mechanical and thermal-fluctuational measures.
Taking the values of ␥ p obtained from the NVTA p simulations ͑see Table III͒ where A is compressibility modulus, and A 0 is the saturated area of the membrane with 2040 molecules at k B T / ⑀ = 2.0. Typical experimental data concerning the area per molecule at zero tension range from about 0.596 nm 2 for dimyristoyl phosphatidylchopine ͑DMPC͒ to 0.725 nm 2 for diolcoyl phosphatidylcholine ͑DOPC͒. 36 Using the length scale ϳ 5 -8 Å, the zero tension area per lipid of our simulation model is about 0.304-0.778 nm 2 , which covers the experimental range. Assuming that the membrane area is extensive, we can estimate A 0 for the N = 1152 system at the same temperature to be A 0 = 701 ± 16 2 . ͑40͒
In addition, we performed NVT⌺ MC simulations to estimate A . The number of molecules in the simulated membranes was chosen to be 1152. We performed a rather long simulation ͑300 000 MC cycles͒ to equilibrate the membrane for a given value of the applied tension. The temporal evolution of the projected surface area of the membrane in equilibrium is shown in Fig. 11 . Large fluctuations are observed in all cases. More importantly, the time scale of the fluctuations is not short compared to the length of the simulations. Under these circumstances, Eq. ͑37͒ is not expected to yield reliable results as we are likely to underestimate the magnitude of the fluctuations. Table IV lists our estimates for the average projected areas, root-mean-squared ͑rms͒ fluctuations in A p , and the corresponding compressibility moduli obtained by using Eq. ͑37͒ for each of the ⌺Ͼ0 simulations. These computations lead to an average value of compressibility moduli as A =13±2k B T / 2 , which is somewhat smaller than the value in Eq. ͑38͒. The slope ‫ץ‬⌺ / ‫ץ‬A p is also obtained by roughly fitting the lateral stress as a linear function of the projected area in Fig. 11 , which leads to ‫ץ‬⌺ / ‫ץ‬A p = 0.023± 0.004k B T. We did not compute the lateral pressure profile in our simulations. Although this is feasible in principle, the presence of many-body forces in our model makes this nontrivial. However, since membranes in quite long MC simulations are expected to be in force equilibrium, we can assume ⌺ Ϸ ␥ p . According to Eq. ͑27͒, we have
Using the value of A 0 in Eq. ͑40͒, we then obtain A =16±3k B T / 2 . We note that the different estimates for A , though noisy, are not mutually inconsistent.
In experiments, A ϳ 229-265 mN/ m at room temperature. 34 Using the length scale ϳ 5 -8 Å, the typical experimental values for A are 14-40k B T / 2 at room temperature. A of our simulations roughly lies in the experimental range. Experimental data on membrane elasticity indicate that typical values of the elastic ratio, b, are 20-30. 34 An early solvent-explicit CG molecular simulation gave b Ϸ 48. 38 A recent molecular simulation yielded b Ϸ 24. 16 In our model, the thickness of the membrane h is determined by the packing of hydrocarbon chains. It is therefore reasonable to identify h with the distance h cc between hydrocarbon head groups. From the data in Secs. III B 2 and III B 3, we obtain b = 15-25 for the simulated membranes, which is, again in the typical experimental range. Comparison between our numerical results and the theoretical analysis of Ref. 34 suggests that our model membranes behave not unlike polymer-brush bilayers.
IV. CONCLUSIONS
This paper explores the properties of a simple, solventfree coarse-grained model for flexible bilayer membranes. In the model, the amphiphilic molecules are described as flexible three-bead chains, and the solvent molecules are eliminated by compensating the interaction between the solvent and amphiphilic molecules with a multibody potential which depends on the density of hydrophobic tail beads.
For the modeled membrane, the solid phase only exists at low temperature ͑k B T / ⑀ Ͻ 0.5͒. At higher temperatures, the bilayer membrane is in a two-dimensional ͑2D͒ liquid state. Comparison of the simulated lateral diffusion coefficient of fluid bilayer membranes with the corresponding experimental data allows us to identify an effective time interval to a single MC cycle.
From the thermal fluctuation spectrum of membranes with constant projected areas and from the lateral stressstrain relation, we have extracted the bending modulus, the area stretching/compressibility modulus, and the elastic ratio between them. In spite of its great simplicity, the present solvent-free coarse-grained model yields a surprisingly good description of the elastic properties of fluid membranes, as studied in the experiments and in fully atomistic simulations.
In future work, we aim to study the properties of defects in these membranes.
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